EXPLICIT NON-ABELIAN LUBIN-TATE THEORY FOR GL 2 
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Abstract. Let J 7 be a non-Archimedean local field with residue field k of odd charac- 
teristic, and let B/F be the division algebra of rank 4. We explicitly construct a stable 
curve X over the algebraic closure of k admitting an action of GL2(-F) x B x x Wf which 
realizes the Jacquet-Langlands correspondence and the local Langlands correspondence 
in its cohomology. 



1. Introduction 

Let F be a non- Archimedean field; i.e. a finite extension either of Q p or the field of 
Laurent series over a finite field, and let Of be its ring of integers. Let n > 1 be an 
integer, and let B/F be the central division algebra of invariant 1/re. There are well- 
known correspondences between representations of the groups GL n (i ? ), B x , and Wf, the 
Weil group of F. These are the Jacquet-Langlands correspondence tt i— ► JL(7r) (between 
GL n and B x ) and the local Langlands correspondence tt i— > o~(tt) 

Loosely speaking, non-Abelian Lubin- Tate theory refers to the construction of a geometric 
object X which realizes these correspondences simultaneously in its cohomology. That 
is, one finds an action of the triple product group GL n (F) x B x x Wp on the Euler 
characteristic of X (computed with respect to an appropriate cohomology theory), which 
decomposes as a formal sum of representations of the form tt (g) tt' (g> a, where tt is a 
representation of GL n (F), tt' is the representation of B x which corresponds to tt under the 
Jacquet-Langlands correspondence, and a is a representation of Wf which corresponds to 
tt under the (suitably normalized) Langlands correspondence. 

The case of n = 1 is classical Lubin- Tate theory [ LT65] , in which the isomorphism 
GL\(F) = F x = W F h of local class field theory is established through the study of division 
points of a one-dimensional commutative formal O^-module of height 1. For higher re, 
Carayol |Gar90| offered two approaches to the construction of the space X. In the vanishing 
cycle setting, the role of X is played by the rigid generic fiber of the projective system M£ T F 
of formal schemes representing the functor of deformations of a fixed formal O^-module 
of height n with Drinfeld level structures of all degrees. In the rigid setting, the space X 
is a projective system of etale covers £l F of Drinfeld's rigid-analytic upper half space. It is 
now known that in each case, the compactly supported etale cohomology H*{X) realizes 
the local correspondences on the level of supercuspidal representations of GL n {F). In the 
vanishing cycle setting this is due to Harris and Taylor [HTOl] in the p-adic case and 
Boyer |Boy99 in the function field case. In the rigid setting it is due to Harris [Har97] in 



the p-adic case and Hausberger |Hau05 in the function field case. 
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In each of the above cases the establishment of the correspondences in cohomology begins 
by embedding the local problem into a global one and appealing to results from the theory 
of Shimura varieties or Drinfeld modular varieties. Strauch [Str08a proved that the Euler 
characteristic of Mfj^ F realizes the Jacquet-Langlands correspondence without the use of 
global moduli spaces. Also notable is Yoshida's purely local study |Yos] of the vanishing 
cycles of the deformation space of formal 0i?-modules with tame level structure; these are 
shown to realizes the local Langlands correspondence for supercuspidal representations of 
depth zero. 

Running parallel to these advances in non-abelian Lubin-Tate theory are a great deal of 
results which give explicit and purely local constructions of representations of GL n {F) and of 
B x , rather than an abstract construction which realizes these representations in cohomol- 
ogy. Earliest among these is the paper of Howe |How77], which associates a supercuspidal 
representation of GL n (i ? ) to each "admissible" character of a degree n extension E/F. 
By elaborating on this construction of supercuspidals for GL2, Kutzko [Kut80 , |Kut84| 
established the local Langlands correspondence for n = 2. The fundamental work of Bush- 
nell and Kutzko [BK94] gives an explicit parametrization of admissible representations 
of GL n (i ? ) in terms of their theory of strata. From here it is natural to attempt to de- 
scribe the correspondences purely in terms of this parametrization. This is what is done 
in the papers of Henniart |Hen93| and Bushnell-Henniart HI 100 . I>I I ()•")<• . where many 
cases of the Jacquet-Langlands correspondence are established explicitly; further papers 
of Bushnell-Henniart [BH05a , [BH05V give an explicit description of the local Langlands 
correspondence in the "essentially tame case" . 

This paper is a modest attempt to draw a connection between the geometry in non- 
abelian Lubin-Tate theory and the explicit methods of cuspidal strata and types. We take 
n = 2 and F to have odd residual characteristic p. The aim of this paper is to explicitly 
construct a variety X defined over the algebraic closure of the residue field k of F which 
plays the role of M^ T F from the point of view of non-abelian Lubin-Tate theory. That 
is, X admits an action of GL2(-F) X B x x Wf in such a way that the correspondences are 
realized in ff| t (X, Q^) for all primes £ 7^ p. 

The variety X is not particularly exotic: its irreducible components are smooth geomet- 
rically connected projective curves over k, and the only singularities of X occur as normal 
crossings between these components. The connected components of X are in canonical 
bijection with the connected components of F . For this reason we refer to X as the 
stable Lubin-Tate curve for GL2(-F). 

A key feature of this construction is that certain subtleties of the local Langlands cor- 
respondence now admit a natural explantation in terms of the geometry of X. To wit, 
suppose E/F is a tame quadratic field extension and x 1S a character of E x , identified 
with a character of We, such that Ind^/^x is irreducible. There is a "naive" method of 
constructing a supercuspidal representation tt x of GL2(-F), as described in | How77| . It is 
not the case that Ind E / F x ► tt* is the Langlands correspondence; e.g. because the central 
character of tt x does not agree with detlnd^/^x as characters of F x . One must modify 
the naive construction by twisting x by a certain tamely ramified character A x of E x ; 
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then Ind-E/F ^x^-x l—> n x serves 85 the correct correspondence. The character A x may be 
described in an ad hoc fashion. In £|5]we show how A x appears in the study of the action 
of Frobenius on the cohomology of some interesting curves over k. 

1.1. The Correspondences. Let O be an algebraically closed field of characteristic 0. Let 
A 2 (F, £1) be the set of equivalence classes of smooth irreducible representations of GL2(-F) 
with coefficients in CI, and let A^(F, Cl) be the set of discrete series representations. Like- 
wise, let A^iF, Cl) be the set of equivalence classes of smooth irreducible representations of 
B x . We simply write A^F) or Af(F) if O = C. The Jacquet-Langlands correspondence 
is a bijection 

JL : A 2 {F)^A^{F) 

satisfying the appropriate trace identity, see |JL70] . The correspondence JL is algebraic in 
the sense that it commutes with field automorphisms of C. Therefore JL may be extended 
canonically to a bijection A$(F, Cl) — > A% (F, Cl), which we also call JL. 

The local Langlands correspondence is not algebraic; we therefore work with a slight 
renormalization. Let £ be a prime different from p. Let G2(F, Q^) be the set of isomorphism 
classes of Weil-Deligne representations of Wp with coefficients in Q^. The t-adic local 
Langlands correspondence is a bijection 

Cf. G 2 (F,Q e ) ^ A 2 (F,Q £ ) 

which commutes with automorphisms of the field Q^. It is normalized so that whenever 
i: = C is a field isomorphism, we have 

L( X £i(o-y,s) = L( X a\s-±) 

for all representations a G Q 2 {F, Q^), all characters x of ^ x > an d all characters ip of F. This 
is the normalization that appears in the association of Galois representations to Hilbert 
modular forms. 

1.2. Statement of main theorem. For our purposes, a stable curve over A; is a variety 
X proper and flat over Spec k whose irreducible components are smooth irreducible curves 
over k such that 

(1) The only singularities of X are normal crossings between distinct irreducible com- 
ponents, and 

(2) Each rational component of X meets the other components in at least three points. 
We do not require that X be of finite presentation over Spec k. 

Definition 1.1. Let G be a group admitting a homomorphism </>: G — > Gdl(k/k). Let X 
be a fc-scheme. An action of G on X is called k-semilinear with respect to </> if for all t £ G 
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the diagram 

X * ^X 



- 4>(t) - 
Spec k ; * Spec k 



commutes. 



Our main theorem applies this definition to the triple product group G = GL^i* 1 ) x 
xB x X Wf- For the homomorphism (ft: G — > Gal(k/k) we take projection onto Wf followed 
by the natural map Wf — > Gal(k/k). 

Theorem 1.2. Assume that the characteristic of k is p ^ 2. Then there exists a stable 
curve X over k admitting a semilinear action of GL2(-F) x B x x Wf with the following 
property. For every prime £ ^ p and every supercuspidal representation it of GLi2(F) with 
coefficients in we have 

Hom GL2(F) (tt.-H^Q,)) = JL(tt) »£(*). 

On the other hand if it is not supercuspidal, then Hom GL2 (p) (vr, H 1 (X, Q^)) = 0. 

Remark 1.3. It may be possible that a proof of Thm. |1.2| can be given by means of 
Shimura curves. Each member of the Lubin-Tate tower Mf T F appears as the completion 
a Shimura curve at a supersingular point. Over a sufficiently large extension of scalars one 
can find a model for each Shimura curve which has semi-stable reduction; by |Col03 this 



can be done in a functorial manner, so that there are maps between the reductions are 
finite. In the inverse limit of the reductions, the fiber over a supersingular point ought to 
have the properties of the stable curve X above. The explicit determination of the stable 
reduction of a Shimura curve seems to be quite difficult, however. This was carried out for 
the modular curve Xq(p 2 M), with p > 5 and p \ M in |Edi90] . and for the modular curve 
Xo(p 3 M) in [CM06]. Our curve X represents our best guess for the structure of the stable 
reduction of the Shimura "curve" of infinite p-power level. 

1.3. Outline of the construction. Some preparatory material concerning moduli of de- 
formations of one-dimensional formal groups of height h is given in ^2] In ^3] we restrict 
our attention to the case of h = 2, and discuss deformations with "CM" (these are Gross' 
canonical lifts, see |Gro86j ) . For each point x with CM by a tamely ramified quadratic ex- 
tension E/F, we define a decreasing family of subgroups K} x m C GL2(F) x B x , along with 
certain finite-dimensional representations r of /C^, m . We prove that the induced representa- 
tions IndS^ 2 ^ xS r realize the Jacquet-Langlands correspondence for the representations 

of the form tt x , where x 1S an admissible character of E x of essential level m (for defini- 
tions, see 3.4). In ^4] we define smooth proper curves X Xjm over k admitting an action of 
K} xm for which the etale cohomology H 1 (X XiTn ) is a direct sum of the representations r. 
In ^5jan action of Wf is introduced so that the fiber product X x ,m Xjq m (GL2(F) x B x ) 
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realizes both correspondences simultaneously in cohomology. Finally, in ^6] the curves X x< 



are glued together to produce the stable curve X in Thm. 1.2 



Suprisingly, there are only two k- isomorphism classes of higher genus curves which appear 
among the 2t x ,m- One is the Deligne-Lusztig curve for SL2(A;) ; with affine equation XY q — 
X q Y = 1. (It is a special case of [YosJ that this curve should appear in the stable reduction 
of the moduli space of deformations with Drinfeld level- tup structure.) The other is the 
hyperelliptic curve with affine equation Y 2 = X q — X, which appears in the stable reduction 
of the modular curve Xo(Np^), see [CM06 . The interplay between the geometry and 
representation theory of these curves is studied in 



2. Deformations of one-dimensional formal groups 

2.1. The Moduli Problem. Let F be a local nonarchimedean field with uniformizer 
w, maximal ideal p and residue field k of cardinality q. Let n > 1 and let Tq be a 
one-dimensional formal 0^-module of height n. Let C be the category of complete local 
Noetherian 0^-algebras with residue field k. For an integer m > 0, we consider the moduli 
problem M m which associates to each R E C the set of isomorphism classes of deformations 
of T§ with w m -level structure. This is a triple (.F, i, <j>), where F is a formal Op-module 
over R, i G Homjt^o, Fk) ®o F F is a quasi-isogeny, and <fi is a Drinfeld level-m-structure, 
that is, an Op-module homomorphism 

<j>: (w- m O F /0 F ) n ^m Rl 

such that the power series [zu]jr(T) e i?[T] is divisible by 

II (r-0(o)). 

ae(^- 1 o F /o F ) n 

(The maximal ideal xxir is to be regarded here as an Op-module via J-.) An isomorphism 
between triples (J-, i, <j>) and ( J-', i 1 , 4>') is an isomorphism of formal (^-modules / : T ^ T 1 
which interlaces i with i! and <f> with 0'. There are obvious degeneracy maps M m +i — ► M m - 

2.2. Heights and the division algebra. An isogeny i: T —* T 1 between formal groups 
has F-height height^(J r ) = h if kerz. is a group scheme of rank q h over k. If i is only 
a quasi-isogeny, let r be such that w r i is an isogeny and define the F-height of i as 
height p (w T C) — rn. For a given ft £ Z, we may consider the sub-problem M^n C M m of 
deformations of J-q for which the quasi-isogeny has F-height h. Then 

hez 

Let Ob = End& T§. Then Ob is the unique maximal compact subring of B = Ob®o f F, 
which is in turn a division algebra over F with invariant 1/n. There is a right action of 
B x on M m given by {T, t, c/)) b = (f,io b, (/)) for b £ B x . Let N: B ^ F he the reduced 
norm. Since JT — ► has F-height v(N(b)), we see that the action of b maps .M™^ 
isomorphically onto Mm +V ^ N • (Here i> is the valuation on F x with w(ro) = 1.) 
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2.3. The associated rigid spaces M m . It is a result of Drinfeld that M m is rep- 
resentable by a regular local ring R rn = R$ of dimension n, that each map R m — > 
Rm+i ' 1S finite and fiat and etale over the generic fiber, and that i?o is isomorphic to 
O^^Xi, . . . , X n -ij. Similarly, each Aim is representable by a regular local ring . 
Therefore Ai m has the structure of a formal scheme which is locally formally of finite type 
over O f t . Let M m be the rigid space attached to the generic fiber of Ai m . The morphisms 

M m +i — ► M m are etale and the space Mo is the union of spaces Mq for j G Z, each of 
which is the rigid open unit polydisk of dimension n — 1 . The spaces M m inherit an action 
ofB*. 



2.4. The limit problem, action of GL„(F). The moduli problem Ai m has a right action 
of GL n (C>i?/p m ) given by (JF, t, 0) 9 = (J 7 , t,4>o g). Therefore the rigid analytic space M m 
admits an action of GL n (0p/p m ). These actions coalesce into an action of G = GL n (F) 
on the projective system 

M = lim M m . 

oo^m 

To describe this action, we give an alternate description of M. For the time being, let 
M' be the functor which assigns to each complete subfield K C Cf containing F nY the 
set of isomorphism classes of triples (J 7 , i, a), where T /Ok is a formal 0i?-module "up to 
isogeny" , i G Horn^.^, Tq) ®o f F\sa, quasi-isogeny, and a: F n — > V{T) is an isomorphism 
of F-vector spaces. Here V(F) = T(F) ®o F F, and 

T{F) =YimF[vj m ]{K) 

is the Tate module. An isomorphism between two triples (J-, i, a) and {T' , t', a') is a quasi- 
isogeny f G Homojj (J 7 , J 7 ') ®o F F carrying i to i' and (p to <fi'. We shall call M' the functor 
of deformations up to isogeny. 

We claim that M' agrees with the functor of points on M. Indeed, suppose a point 
of M{K) is represented by an inductive system of points (J-, i,(f) m )m>o of M m {K). Then 
the Drinfeld level- m-structures 4> m give rise to an isomorphism of 0i?-modules ao: O f — > 
T{T) in an evident way. Let a = a <8> 1 be the extension of this map to an isomorphism 
F n -► V(X). Then {T,i,a) G M'(if). 

Going the other way, suppose ( 1 7 r , t, a) represents a point of M'(K). Let £ = <^(0^); 
this is a lattice in V^). Let r G Z be such that T(jF) C ro r £. We have an exact sequence 

-► T{F) -»• y(^) -► -► 0; 

let C be the image of ro r £ in T[w°°), so that C = zu r £/T(F). Write J 7 ' for the quotient 
F/C, and write / G Horn (J 7 , J 7 ') (g>o F i 7 for the quasi-isogeny 



T .F > .F/C = F' 
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Then we have the commutative square 

V(f) 

V{T) -^l V{T') 

A 

£ — ^-r(^) 

The isomorphism a: O f — > £ induces isomorphisms m : {■uj~ m O f / O f)™ — ► J-[w m ]{K) 
for each m > 0. Let t' = 10 /^T 1 £ Homi^,^) <8>t> F ^- Then / gives an isomorphism 
between the triples (J 7 , l, a) and (J-', i! , V(/) o a). The latter triple corresponds in turn to 
the inductive system (J 7 ', //, 4> m )m>o- We conclude that M = M' . 

It is now evident how to define a right action of G = GL2(-F) on the rigid space M: 
Given a triple (J-, l, a) as in the definition of M' and a matrix g £ G, define (J 7 , t,a) ■ g = 
(J 7 , l, a o g). Note that g maps isomorphically onto M^ h ~ v ^ dct9 ^ . 

2.5. Action of Wf- Let Wf be the Weil group of F. Recall that the rigid space M is 
defined over F nv . There is an action of Wf on M lying over the action of Wf on F nr . We 
describe this action on the level of Ci?-points. Let a £ Wf and let x = (J 7 , i, a) £ M(Cp)- 
It is clear how to define the conjugate formal group T a and level structure a° . We must 
now construct a quasi-isogeny — ► ~Fq. Let Wjr — > Gal(/c/A;) be the obvious map, and 
assume the image of a equals Fr n for some n > 0, where Fr is the qth power map on k. 
Start with the quasi-isogeny i° ': — > J 7 ^ . To get a quasi-isogeny with values in LFq, we 

compose this map with the inverse of the natural isogeny J-q — > Fq*™ given by X i— > X qn . 
This action of Wf commutes with the actions of GL2(i ? ) and B x . 

We therefore have an action of G x B x x Wf on M. Define a homomorphism 

5: G x B x x W F -F x 

(3,6,10) 1 ^ (det g)' 1 x iV(6) x Art F x w, 

where Aitp '■ F x — > W F h is the reciprocity map from local class field theory, normalized 
so that Artjr(ro) is a geometric Frobenius element. Then a triple (g, b,w) £ G x 5 X x Wj? 
maps onto 

M {h+d)^ where rf = VF (S(g, b, W)). 

2.6. Connected Components. Let Z be a one-dimensional Op-module of height 1 over 
Of™. By classical Lubin-Tate theory, Z is unique up to isomorphism. We summarize here 
the results of Strauch [Str08b concerning the geometrically connected components of the 
rigid spaces M m ®Cp. 

Theorem 2.1. There exists a bijection from 7ro(M m ®Cf) onto the set of bases for the rank 
1 {Of /pp) -module Z[w m ]. This bijection is equivariant for the action of GL n (0p/p™) x 
Og x Ip if we let an element (g, b, w) act on Z[w m ] through the homomorphism (g, b, w) 1— > 
5(g, b, w) (mod p m ). 

Combining this theorem for all m > 1 gives a description of the set of geometrically 
connected components of the tower M of rigid spaces: 



8 



JARED WEINSTEIN 



Theorem 2.2. There exists a bijection ttq{M <g> Cp) — V(Z)\{0}. This bisection is 
equivariant for the action ofGL^^F) x B x x Wf if we let an element (g, b, w) act on V{Z) 
through the homomorphism 5: GLi2{F) x B x x Wf — ► F x . 

For a nonzero Q G V(2), let C Cp be the connected component corresponding 
to G There is a natural "valuation" /i: V(£)\{0} — ► Z defined as the least h G Z for 
which C E ro fc T(Z). Then AfC C M h K) <g> C F . 

3. CM POINTS AND THE JACQUET-LANGLANDS CORRESPONDENCE 

3.1. CM Points: Basic Observations. It is at this point that we restrict our attention 
to the case n = 2. We abbreviate A = M2(F); B is the nonsplit quaternion algebra over 
F. 

A deformation T of J-q to Cf has CM if E = End J- ®o F F \s & quadratic field extension 
of F. Suppose a point x G M is represented by a deformation (J 7 , i, a) up to isogeny. We 
say that x has CM by E if End T ®o F F = E. Note that by replacing T by an isogenous 
formal O^-module we may assume that EndJT = Oe- In that case, J- becomes a formal 
Oe- module of height 1. By classical Lubin-Tate theory, there is only one such T up to 
isomorphism: let this be called Te- Note that Te is defined over E™ ' . Let M E C M(F) 
be the set of all points of M with CM by E. 

If x = (Te-, l -, a ) G M E , then we naturally have at our disposal embeddings of E into 
both A and B. Indeed, since V{J-) is naturally an £J-vector space of dimension one, we may 
identify E with a subfield of End V^). On the other hand, a identifies End V{T) with A, 
so that there is a unique embedding j X) A ■ E <—* A for which the identity ao j x A (e) = V(e) 
holds in End V(J-) for all e G E. Similarly, i gives a unique embedding j X B '■ E — > B for 
which the appropriate diagram commutes. Let j x : E — > Ax B be the diagonal embedding 

The following theorem can be deduced from [Gro86 : 
Theorem 3.1. 

(i) The group GL2(-F) x B x acts transitively on M E . The stabilizer in GL2(i ? ) x B x 
of the point x is j x {E x ). 

(ii) For all t G GL 2 (F) x B x we have j x t(/3) = t~ 1 j' a! (/3)t, all (3 G E. 

3.2. Action of Wf on CM Points. Recall that the relative Weil group We/f 1S the 
quotient of Wf by the closure of the commutator subgroup of We- Thus We/f 1S the 
preimage of Z in the surjection Gal(E /F) — * Gal(k/k) = Z. There is a short exact 
sequence 

(1) 1^E X ^ W e /f -> Gel(E/F) -» 1 

representing the fundamental class in i? 2 (Gal(-E/F), i? x ). In the interpretation of this -ff 2 
as the relative Brauer group of the extension E/F, the fundamental class corresponds to 
the class of B as a central simple algebra over F which is split by E. 

By classical Lubin-tate theory, adjoining the torsion points of the CM formal group 
J~e to E nv yields the maximal abelian extension E ah of E. Thus the action of Wp on 
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M E factors through We if- We make this action explicit. Let x G M E , so that we have 
embeddings jx,A and j Xt s of E into A and B, respectively. Let M X ,A (resp., N x ,b) be the 
normalizer of j Xt A(E x ) in GL2(i ? ) (resp., the normalizer of j x ^b{E x ) in B x ). Then M x ,a 
and M x ,b are both extensions of Gal{E/F) by E x , representing the trivial and nontrivial 
classes in H 2 (G&l(E/F), E x ), respectively. Let M x C GL 2 (F) x B x be the pullback group 
in the diagram 

M x >■ N X ,A 

Y v 

M X , B > Gsl{E/F). 

Observe that j x {E x ) C M x embeds as a normal subgroup. The homomorphism 5: M x — > 
i ?x factors through j x {E x )\J\f x . Finally note that j x (E x )\M x , like We/f> 1S a nonsplit 
extension of Gal(E/F) by E x . The following proposition, which is a straightforward 
application of classical Lubin-Tate theory, gives an natural isomorphism between these two 
groups. 

Proposition 3.2. For each x G M E , there is an isomorphism j X: w : We/f ~^ jx{E x )\M x 
with the following properties: 

(i) For all w G W E/F , x w = xi*M*>) . 

(ii) For an element (3 G 2£ = VFJ; 6 we /iaue 

(iii) For w G We/f> we have S(j X) w{w)) = Art^ 1 w. 

(iv) For t G GL2(.F) x B x and all w G We/f we have j x t y w( w ) = *Jx,w(w)i -1 . 

3.3. Lattice Chains and Chain Orders. Given x G M s as above, identify E with a 
subfield of A via j^. We consider the sequence (Aj)j e z of lattices in F 2 defined by 

A, = a- 1 {p E T(F E )) ■ 

Then (Aj) is an Op-lattice chain in the sense that this collection of lattices is linearly 
ordered and stable under multiplication by F x . Let % x C M n {F) be the subalgebra of 
matrices which stabilize each Aj. We drop the subscript x from the notation when x is 
fixed in the discussion. Then 21 is normalized by E x . Let ^ C 21 be the double-sided 
ideal of matrices mapping Aj into Aj+i for all i. We remark 21 is conjugate to M2(Of) or 
O f Of*" 



,, i , as El F is unramified or ramified, respectively. 
Pf Of; 

3.4. Admissible Pairs. Assume E/F is a tamely ramified quadratic extension, and that 
X is a character of E x . The pair (E/F,x) is called admissible if (1) % does not factor 
through the norm map N E /Fi an d if (2) xlu^ does not factor through the norm map if 
E/F is ramified. A character \ has level m if it vanishes on 1 +p^ +1 but not on 1 +p^; we 
say it has essential level m if the minimum level of the characters of the form x x ( UJO ^e /f) 
is m. 
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We will have use for a simple parametrization of admissible pairs. First, if E/F is 
unramified and 9 is a character of k E for which 9 ^ 9 q , then let Xg denote the set of 
characters x' °f E x °f the form %' = \ x ° X E / E ), where x is a character of E x whose 
restriction to O e is inflated from 9, and where u is a character of F x . Then characters 
of Xg have essential level zero, and every character of essential level zero belongs to some 
Xg. We have that Xg and Xgi are disjoint unless 9'9~ l factors through N^ E i^ in which 
case Xg = Xgi . 

Characters of higher level may be parametrized by certain elements of E x : 

Definition 3.3. Let m > 1. An element a £ E x of valuation ve{oc) = —m is minimal 
when it satisfies the criteria: 

(i) If E/F is ramified, then m must be odd. 

(i) If E/F is unramified, then the minimal polynomial of m™a over F is irreducible 
modulo Pf. 

Fix a character tp of F of level zero. Let ipE be the character x i— > ^(Tr^/^ x); since 
E/F is tamely ramified, ipE is a character of E of level zero. 

Let m > 1. If a G i? x is a minimal element of valuation —to, let X a be the set of 
characters x of ^ x of the form x' = X x ° ^e/f)i where x' is a character of level m 

satisfying x(l + x) = tPe{oix), all x € p^™ / ' 2 -' +1 . Then each character x £ -^a is admissible 
of essential level m. Every admissible character of essential level m belongs to some X a . 

If (E/F,x) is an admissible pair, then lnd E / F x £ Gzi/F) is irreducible. There is a 
straightforward way of attaching a supercuspidal representation tt x of A2 (F) to each ad- 
missible pair (E/F,x), which already appears in the general case of GL n (i ? ) in |How77 . 

We sketch this construction. Assume there is no character u) of -F x for which x x ^°Ne/f 
has smaller level than x- Choose an embedding E x <^-» GL2(-F). There are three cases to 
consider: 

• x nas level 0. Suppose x £ Xg for a character 9 of k E . Let Xg be the associated 
cuspidal representation of GL2(0), inflated to GL2(Of). Let J a = -E x GL2(0f) 
and let A x be the representation of J which extends A# and which agrees with x 
on F x . 

• x has level m = 2r — 1 > 0. Suppose x G -^a- Let Ja = E X U^. Define a character 
A x of J which agrees with x on -E' x and which satisfies A(l + x) = ipA^x) for 

• x has level m = 2r. Then must be unramified. Suppose x £ X a . Define a 
character 9 oi H = U E U^ which agrees with x on U E and which satisfies 9(1 + x) = 
ipA(oix) for x G ^2i +1 - Let J 1 = U E U^; then there exists a unique irreducible 
representation 775 of J 1 of dimension g lying over 9. Finally let J a = E X U^; 
there is a unique extension A x of rjg to which lies over r\g and which satisfies 
Tr A x (£) = — x(C) f° r all roots of unity £ G fi E \/i E . 
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In all cases let ir x = Indj 4 A. Then tt x is a supercuspidal representation of GLi2(-F), 
and the correspondence (E/F, x) i-^ vr x is a bijection from the set of equivalence classes of 
admissible pairs onto the set of tame supercuspidal representations of GL2(i ? ). 

There is a similar procedure to construct a representation ir' of B x . Choose an embed- 
ding E <—> B. Identify Ob/^Pb with /eg in a way which is compatible with this embedding. 
Once again, there are three cases to consider: 

• x nas level 0. Suppose x £ Xq. Let Jb = E x Og and let A' x be the character of Jb 
which agrees with x on E x and which is the inflation of 6 on O e . 

• x has level m = 2r — 1 and E/F is ramified, or else m = 2r and E/F is unramified. 
Suppose x S X a . Let / be the residual degree of E/F. Let Jb = E x U r J . Define a 
character A x of J which agrees with x ^ (-iy VE ^e(x) on E x and which satisfies 
A' x (l + x) = ipA(ax) for x G ^ r J . 

• x has odd level m and E/F is unramified. Suppose x S X a . Define a character 9 of 
H = U E U™ +1 which agrees with x ° n U E and which satisfies 9(1 + x) = ^(ax) for 
x G Let J 1 = U E U%; then there exists a unique irreducible representation 
ryg of J 1 of dimension g lying over 9. Finally let Jb = E X U E ; there is a unique 
extension A' of r/g to J# which lies over rjg and which satisfies Tr A x (£) = — A x (£) 
for all roots of unity C G He\hf- 

In all cases let vr x = Indf fl x A' x . The following is from |BH06j . §56: 

Theorem 3.4. For all admissible pairs (E/F,x)> we have JL(7r x ) = tt' x . 

3.5. Filtrations of 21 and Ob by O^-submodules. Once again, A = M2(F) and E/F 
is a quadratic extension field. We fix an embedding E <-^> A. 

A tame corestriction on A relative to E/F is an (E, i?)-bimodule homomorphism sa '■ A — > 
E such that s(2l) = Oe for any hereditary Op-order in A which is normalized by E x . A 
tame corestriction exists and is unique up to multiplication by O e , see |BK94j . It further 
satisfies SA(^P r ) = Pp for r > 1. 

In the event that E/F is a tame extension, there is a simple description of s. Let C be 
the complement of E under the trace pairing A x A —* i 7 , so that ^4 = E 1 © C. Then 5,4 is 
the projection of A onto E with respect to this decomposition. 

For an integer m > 0, define V^ 1 C 21 to be the Op-submodule 

vx 1 = s^ 1 (Ps)n ( p L{m+1)/2J . 

We remark that = 21. The module V^™ is closed under multiplication, and in fact 
no smaller choice of exponent [(m + 1 ) / 2j allows for this property. Consequently the set 
1 + VJ 1 is a subgroup of A x . 

Carrying this idea further, define an Op-submodule W™ C V™ by 

p^ = s - 1 (p™)n*pLW2j+i_ 
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Then W™ is closed under multiplication and also enjoys the property: 

(2) s(W%W%) C p™ +1 . 

Similar constructions can be carried out on the division algebra B. Given x S M E , 
identify E with a subfield of B via j x ,B- Let Ob be the ring of integers in B and let tys be 
its maximal ideal. A tame corestriction sb '■ B — > E is an i?)-bimodule homomorphism 

such that sb{Ob) = Oe and s(^P^) = p# f° r an r — 1> wnere / is the degree of the 
extension of residue fields fc^/A;. 

Once again, if E/F is tamely ramified, then sb is the projection of B onto E relative to 
the reduced trace Trg/p. 

For m > 0, we define 

^ = ^(p^n^ 

where r is the least nonnegative integer for which the module V^ 1 so defined is closed under 
multiplication, and r' is the least nonnegative integer for which the module Wg so defined 
satisfies s B (W%Wg) C p^ +1 . Explicitly: The value of r is 2 [m/2\ if E/F is unramified 
and \_(m + l)/2j otherwise. The value of r' is m + 1 if E'/i 7 is unramified and [m/2\ + 1 
if E/F is ramified. 

We collect some trivial bookkeeping results: 

Proposition 3.5. The dimension of the kE-vector spaces V™/W™ and V^/W^ are given 
by the following table: 

E/F ramified E/F unramified 
m odd m even m odd m even 
&mV£/W% 10 1 

dimVgVWg 1 110 

On the other hand, the kE-vector spaces W%/VX l+1 andW^/V^ 1 are always 1- dimensional. 

3.6. Certain subgroups of GL2(-F) X B x . In this section we build the subgroups K} xm 
mentioned in \ 1.3 Assume E/F is a tame quadratic extension with ramification degree e. 
Let x £ M E be given. Identify E with a subfield of M2(F) x B via the embedding j x . 

For m > 0, define the product vector spaces V m = V™ x Vg 1 , W m = W™ x Wg. Since 
V m is closed under multiplication in A x B, 1 + V m is a subgroup of GL/2(-F) x B x . The 
subgroup 1 + V m+1 c 1 + V m is normal; we let Gr m be the quotient. 

By Prop. 3.5 we have dimj, B W m /V m+1 = 2, whereas 



dim fcE V m /W r 



0, S/F ramified and m odd 
2, E/F ramified and m even 

1, E/F unramified. 

When m > 1, Gr m is a two-step nilpotent group, for there is an exact sequence 

W m V m 
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In {2.5 we denned a homomorphism 5: GL2(-F) x B x — > Wf — ► F x ; in this section we 
will use the same letter 5 to denote the restriction of this homomorphism to GL^-F 1 ) X B x . 
Let Gr^ denote the kernel of the homomorphism Gr m — * 5(1 + V m )/5(1 + V m+1 ) induced 
by 5. By analyzing the effect of 5 on the vector spaces on either side of Gr m in Q we 
arrive at: 

Lemma 3.6. Assume m > 1. 

(i) If E/F is ramified and m is odd, then Gr^ = W m /V m+1 is a k-vector space of 
dimension 2. 

(ii) If E/F is ramified and m is even, then Gr^ = V m /V m+1 is a k-vector space of 
dimension 2. 

(hi) If E/F is unramified, then Gil n is a nontrivial extension of V m /W m by a k-vector 
subspace of W m /V m+l of dimension 1. 

We now define subgroups K Xim , V x , m , C Xjm of GL 2 (i ? ) x B x by 

JC Xjm = E x (l + V m ) 
V x , m = F x U 1 E (l + W m ) 
C x , m = F x Ul{l + V m+1 ) 

Then /C Xjm D V x ,m ^> £x,m- Let JC X m be the kernel of the homomorphism 5 restricted to 
JC X)m , and similarly for JC xm - 

We observe the following facts concerning K Xjm and C X;Tri . 

Proposition 3.7. 

(i) For t € GL2(i ? ) x B x we have JC x t m = t~ l K, x ^ m t, and similarly for JC X m . 

(ii) £x. 

m is normal in IC x m . 

(iii) There is a split exact sequence 1 — * Gr^ — * JC X m /£ x m — > E x /F x \j\ — > 1. 

(iv) N x normalizes the groups JC X)Tn and C X)Tn - 

We will gather more information on the groups KL x m and K\ m / C} x m in ^ij 

3.7. Characters of /C. In this paragraph we will see why the groups )C xm are impor- 
tant: The quotients ^m/Acm a( imit special irreducible characters whose induction to 
GL2(-F) x B x realizes the Jacquet-Langlands correspondence for exactly those supercus- 
pidal representations of GL2(-F) arising from admissible pairs (E/F,x) f° r which \ has 
essential level m. 

Assume m > 1, let E/F be a tame quadratic extension field, let x G M E , and identify E 
with a subfield of A x B via j x . Let a G E x be a minimal element of valuation —m. This 
forces m to be odd if E/F is ramified. Define an (E, £')-linear map s: M2(F) x B — > E by 

s(a,b) = s A (a) - s B (b), 

so that s vanishes on E. Note that s(W m W m ) C p^ +1 . 
Write K, for JC X)m , and similarly for >C and V. 
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Let i/j a be the character of V defined by the rules 

^ a {F x U\) = 1 

ip a (l + w) = i/j E (as(w)), w £W m 

This is well-defined because s(W m W m ) C pp] +1 . Note that ip a vanishes on C. 

We know define a certain irreducible representation r a of IC which lies over ip a . If E/F 
is ramified, then IC = E X V . In this case, we take r a to be the character of IC which extends 
ift a and which satisfies 

(4) tM = (-1) v *W, PeE\ 

For E/F unramified we have the following 

Proposition 3.8. There exists a unique representation r a of IC lying over ifj a which has 
the property that Trr Q (C) = —1 for a root of unity £ G E X \F X . 



Proof. This is an exercise in representation theory. It can also be deduced from Prop. 7.5 



once one notices that IC 1 / C 1 is isomorphic to the group Q described in 7.2 while the image 
of V 1 is isomorphic to the subgroup P C Q. □ 

Returning to the general case, we let t 1 be the restriction of r a to IC 1 . 

Lemma 3.9. Every irreducible representation of IC lying over t 1 is of the form r a x to o 5 
for some character to of F x . 

Proof. Consider the map 5: IC — > -F x . The image <5(/C) is a certain group Up. Explicitly, 
r = (m + l)/2 if E/F is ramified and r = m if E/F is unramified. There exists a section 
d: Up —>VoiS, so that 5(d(x)) = x for all x £ U T F . The lemma follows formally from the 
fact that 5{U F ) normalizes the representation t 1 . □ 



Let J a and Jb be as in 3^4 



Lemma 3.10. The group J a X Jb normalizes the group IC and the representation r a . 

Let Y a be the set of characters x of i? x of the form \ = x' x ° Np/p), where 
+ x) = ^s(qx) for all x G pg. Thus Yq, is a larger set of characters than X Q . 

Proposition 3.11. Let A be an irreducible representation of J a x Jb- Then A lies over the 
representation t\ of IC 1 if and only if there exists a character x € Y a for which A = A X ®A^. 

Proof. It is a simple matter to show that for all x £ we have that the restriction of the 
representation A x £g> A^ to IC 1 equals t 1 . Therefore assume A is an irreducible representation 
of J a x Jb lying over 7™. 

By Lemma 3.9 the restriction of A to IC decomposes into representations of the form 
r a x (u o 8). By Lemma 3.10 J a x </b stabilizes the subspace of A on which V acts by a 
particular character ^ a x {w o S)\ since A is irreducible, only one such representation may 
appear. By replacing A with A ® (lo^ 1 o 5) we may assume that to is the trivial character, 
so that A lies over r a . 
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Write A = Ai <8> A2, where Ai and A2 are irreducible representations of J a and Jb, 
respectively. Let x 1 be a character of U E which appears in Ai, and let W be the largest 

subspace of Ai on which U E acts through x 1 - If it G [/j* 71 +1 , then for to £ If we have 
A(u)w = Ai(us(u)~ 1 )Ai(s(u))w = x 1 (s(u))Ai(us(u)~ 1 )w. On the other hand, us(n) -1 G 
1 + W™ and therefore (ms(h) -1 , 1) G V . Since A lies over ij) a we have that A\(us(u)~ l ) acts 

by the scalar ^ a (its(u) -1 , 1) = ip{TiA/F a(us(u)~ l — 1)) = 1. We find that Uy™ 1 acts 
on W through the character u 1— > x (s(u)). Let /? G E x be such that x 1 (s(l + x)) = iPa(Px) 
for x G 5p« ra ^ +1 . Since J4 normalizes this character, J a preserves W, and since Ai is 
irreducible, Ai = W. Therefore Ai lies over the character of U^ 1 ^ 2 ^ 1 given byx^ iPa((3%) 
for x G ?Pot"^ 2 -' + " L . By a similar argument, A2 lies over the character of u^ m+1 ^ 2 given by 

1 + x ^ i/> B (-Px) for x G «p£ (m+1)/2 . 

We first consider the case where m is odd. We have that Ai lies over the character rj of 
U E U^ n+1 ^ 2 which is u w X 1 ^) on U E and 1 + x 1— > iJ}a(oix) for 1 + 2 G C/^ m+1 ^ 2 . But 
J4 = E x U^ 1 ^ , and it is easy to see that the only representations of J a which lie over 77 
are precisely the characters A x where x 1S a character of E x extending U E . Thus Ai = A x 
for a character x G AT^. 

Now we claim that A2 = A^. If E/F is ramified, then r a was defined to restrict to 
E x as the character (5 \— > (— 1) 1 ' B ( /3 ). Therefore the group j x ,b{E x ) C Jb must act on A2 
through the character /? 1— > (— We also have that A2 lies over the character 



l + xh-> iPb(—(3x) of U]P +1 2 . By definition we have A2 — A^ 



x. 



Now suppose E/F is unramified. Since r a lies over the identity character of U E , we find 
that A2 lies over the character xlu 1 ■ Now let £ be a root of unity in E X \F X ; we have 
TrA(C) = TrAi(C)A 2 (0 = -1, implying that TrA 2 (C) = ~x(0- Finally, we have already 
seen that A2 lies over the character 1 + x *—> i^b{—Px) of U B %+ . We conclude from the 
description of A' in 



3.4 



* = A x- 



The argument is similar in the case of m even and E/F unramified, except the roles of 
Ai and A2 are reversed. □ 

Proposition 3.12. Let tt and tt' be smooth irreducible representations of GL>2{F) and B x , 
respectively. Then Hom GL2 (ir) X Bx <8> tt', Indj^x 2 ^*' 8 r£j has dimension 1 if ir = ir x 
and ir' = tt' x for some ^6 7 a . Otherwise, it vanishes. 

Proof. By Frobenius reciprocity, 

H om GL 2 (F)xBx (vr^vr'jnd^ 2 ^^) =Hoiiij aX j b (tt ® ir'\ j aX j B , Ind^ x Jb t\ J . 

By Prop. 3.11, the dimension of this space is the number of characters x G f° r which 
A x (8) A x is contained in 7r <8> vr'. If there exists one such character Xi then already we 
have tt = tt x and 7r' = 7r^., since tt x = Indj^ 2 ^ A x and tt x = Indj s A x are irreducible. 
There is only one other character x' f° r which tt = n x >, namely the F-conjugate character 
x' = X° ■ We claim that x a does not belong to Y a . Assume it does: then we would have 
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X CT (1 + x) = x(l + x a ) = i/je{(*x' t ) = ipE(a cr x) = tpE(ctx) for all x £ p^. This implies that 
a — a" £ p^~ m , which contradicts the fact that a is minimal. □ 



As a direct consequence of Prop. 3.12, we find that if 7r is a smooth irreducible represen- 
tation of GL^-F), the space Hom GL2 (F) (n, Ind^ 2 ^ xB equals JL(7r) if tt = tt x for 
some x € Y a , and it vanishes otherwise. 

4. Realization of the Jacquet-Langlands correspondence 

Let E/F be a tame quadratic extension, let x £ M E and let m > be an integer. The 
goal of this section is to prove the following 

Theorem 4.1. There exists a smooth, projective, geometrically connected curve 3L x ,m over 
k, together with a k-linear action of K} x m on 3£x,m with the following properties : 

(i) The action Kq. m — > Aut X Xjm /ias kernel exactly C xm - 

(ii) For a// smooth irreducible representations tt o/GL2(i ? ), we /lawe f/iai 

Hom GL2 ( F) (vr,Ind^ 2(F)XjB H x {X^ m , Q^) 



equals JL(7r)® 2 if it = ir x for some character \ °f E x of essential level m, and 
vanishes otherwise. 

The proof will be done case by case over the next few paragraphs. We make a few 
abbreviations which will apply for the remainder of the section. Since x £ M E is given, we 
identify E with a subfield of the algebra M2{F) x B by means of the injection j x . We fix 
an integer m > as well, and we write 21, /C, X, etc. for the objects 2t 2; fc x ,m> %-x,m-> etc. 

We also introduce the notations Q = /C/£, Q 1 = K 1 / C . 

4.1. Level zero supercuspidals. In this paragraph, E/F is unramified, x £ M E , and 
m = 0. By replacing x by one of its GL2(-F)-translates we may assume A = M2{Op). 
Then K = F x {GL 2 {O f ) x O x ). 

Let be a character of Ar£ for which 8 ^ 6 q . Let A# be the cuspidal representation of 
GL2(£;,e) corresponding to 0. Let tq be the representation of fC which is trivial on F x and 
for which 7#Igl 2 (0f)x0 x * s ^ e inflation of Xg 9. Let Tq be the restriction of tq to K} 

Lemma 4.2. Every irreducible representation of K, lying over the representation Tq of K} 
is of the form tq % (cj o 6) for some character uj of F x . 

Proposition 4.3. Let tt be a smooth irreducible representation ofGL2(F). Then 

tt ( t ,GL 2 (F)xB x i 

Hom GL2(F) ^TTjlnd^! r e 
equals JL(7r) if tt = tt x for some character \ £ Xq, an d equals otherwise. 

Now let X be the Deligne-Lusztig curve for the group SL2(fc). This is the smooth 
projective curve with affine equation X q Y — XY q = 1. The group Q} is the set of pairs 
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(g, b) with g E GL^/c) and (3 £ k E satisfying det g = N k2 / k f3. We define a (right) action of 
Q} on X via the rule 

(u,v)(9,P) = ((3- l (au + cv),l3~ l (bu + dv)) 

when 0=1 , ) . 

\c d) 

Proposition 4.4. ^4s a module for the action of Q , we have 

ees 

where S is a set of representatives for the equivalence classes of characters 9 of k E not 
factoring through N kE /k rnodulo the relation 9^9' if 9'9~ l factors through Nj iE /j i . 

Proof. This is an application of Deligne-Lusztig theory, or else an easy exercise using the 
Lefshetz fixed-point formula with the explicit equation for X. □ 

4.2. Case of E/F tamely ramified, m odd. Fix a uniformizer we for E. 

Define a map p: /C 1 -► F q x Z/2Z by j x ((3) ^ (0, v E {(3) mod 2) and 1 + 1 >-> (ro^ m s(t) 
mod Pe,0) for i E y m . Then p descends to an isomorphism Q} — > F g x Z/2Z. Let X be 
the smooth projective curve with affine equation 

X 9 - X = y 2 , 

and have F q x Z/2Z act on this curve in the following manner: An element a E F g acts 
via (X, Y") t — > (X + a, y), and the nontrivial element of Z/2Z acts via (X, Y) (X, —Y). 
By Prop. UA\ we have an isomorphism of /C 1 modules 

where S is a set of representatives for the nontrivial elements in p E m /$ E ~ m . Every character 
X of essential level m belongs to exactly one Y a for some unique a E S. Since ir x = tt x i if 
and only if \' = \ or = we find that 

Hom GL2(F) (rr,Ind^ 2(F)xBX H^Qe)) 

equals JL(7r)® 2 if tt = tt x for some x OI essential level m, and vanishes otherwise. 

4.3. Case of level m > 0, E'/i 7 unramified. Here Q is isomorphic to the subgroup of 
PGL^fce) consisting of matrices of the form 

a (3 -y\ 
ai pi 
a J 

. For an explicit isomorphism, see |Wei| . The subgroup Q 1 consists of those matrices as 
above which satisfy 

(5) aj q + a 9 7 = [3 q+1 . 
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In fact Q is a Borel subgroup of a unitary group in three variables associated to the 
quadratic extension A^/fc. The image of V C fC in Q is the central subgroup 

k E - 

Considered as a subgroup of PGL^A;) = Aut P|, the group Q} preserves the curve with 
projective equation 

XZ q + X q Z = Y q+ \ 

which we take for our curve X. 

A minimal element a S E x of valuation — n gives rise to a character ip a of V which 
factors through a character of kE] the condition that a is minimal implies that ip a does not 
factor through Tr kE / k . Let r a be the representation of K, which lies over ip a and satisfies 



Ttt q (0 = —1 for each root of unity £ G E X \F X , as in Lemma 3.8, and let t\ be the 
restriction of T a to /C. 

Let S 1 be a set of representatives for the minimal elements of p E m /(p F m + p^ _m ). Then 
every character of E x of essential level m belongs to exactly one Y a for some unique a £ S. 
Then by Prop. 7.5 we have an isomorphism of /C 1 -modules 



F 1 (X,Q,) = 0ri. 



We find that X satisfies the hypotheses of Theorem 4.1 by proceeding as in the previous 
paragraph. 

4.4. Case of level m = 0, E/F ramified. There are no minimal elements of E x of 
valuation zero, so in order to satisfy the demands of the theorem we must take X = P 1 
to be the rational curve over k. By replacing x by a GL2(-F)-translate we may assume 

21 = ®A . Then 2t/«p a = k x k. 

Let k2 C k be the quadratic extension of k. We choose a ^-isomorphism = ks- 

Lemma 4.5. The group Q 1 is isomorphic to the semidirect product k£ x (Z/2Z), where 
the nontrivial element of (Z/2Z) acts as [3 i— ► on fc^ . 



Proof. We have 

Define a homomorphism p: /C 1 — > £>2 x (Z/2Z) by 

/o(a) = (0,U£;(a) mod 2) 

p{g,/3) ={a~ 1 l3 mod «p B ,0) 

for every a G £' x and every (<7, 6) 6 2t x x satisfying det g = N^/ph; here a denotes the 
upper left entry of g. Then p descends to an isomorphism Q} = ki x TifTL. □ 
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We give a faithful action of k$ x Z/2Z on P 1 : The group ^2 acts by multiplication 
(X i ► and p(we) acts by inversion (X i— ► l/X). 



4.5. Case of level m > even, .E/i 7 ramified. Once more, there are no minimal 
elements of even valuation, so we take X = P . 

Lemma 4.6. The group Q} is (noncanonically) isomorphic to k 2 x (Z/2Z) ; where the 
nontrivial element o/(Z/2Z) acts as (5 \—* —(3 on k 



2 ■ 



Proof. By Lemma 3.6 (iii)] and Lemma 3.7 (hi)], Q} is the semidirect product of the 2- 



dimensional A;- vector space V m /W m by the group E x / F X U E , which has order 2. Write 
A = 0£©(£a> where (£ is the orthogonal complement to Oe under the trace map. Similarly 



write O b = O e ®^b- Let £ = € A x £ B . We have V m /W 



C/p 



m/2+1 



£. The lemma 



follows once we observe that conjugation by a uniformizer 7Tb £ £ acts as negation on 



m/2 



m/2+l 



□ 



We give a faithful action of k 2 x Z/2Z on P 1 : The group &)2 acts by translation {X 
X + 0) and p(we) acts by reflection about the origin (X ^ —X). 



5. Realization of the local Langlands Correspondence 

Let (E/F,x) be an admissible pair, so that IikIe/fX 1S an irreducible representation 
of We- It is not the case that Ind-E/FX l— * ^x ^ s ^ ne l° ca l Langlands correspondence. 
For instance, the central character of tt x is yJ-Fj while the central character of Ind-E/FX 
is x\f ■ i^e/Fi where ke/f'- F x ~^ {^l} is the character which cuts out the quadratic 
extension E/F by local class field theory. 

To remedy this situation, this "naive" correspondence must be adjusted by replacing x 
with the product xA^, w here A x is an appropriately chosen tamely ramified character of 
E x . We describe a character A x so that IikIe/f X^- x l—> k x is the £-adic local Langlands 
correspondence. If E/F is unramified, then A x is the unramified character with A x {we) = 

~1- _ 

If E/F is ramified, the definition of A x is more involved. Let ifi be a Q^-valued character 

of F which vanishes on pE but not on Oe- Define the Gauss sum 

r{K E / F ,ij})= K E / F (a)^(a), 

a£Op/p F 

so that t^e/Fj^) 2 = k e/f{~ 1)<7- Suppose a S p E m is a minimal element for which 
X S Y m . Then A x is the character satisfying 

(i) A x vanishes on U E . 

(ii) For u € U E , we have A x (a) = ( u ™ d to Y 

(iii) A(o7b) = ke/f{()t{k e /f, ^) m g (1 " m)/2 , where (GOp satisfies aro^ = C (mod p E ). 
Theorem 5.1. IndE/F X^- x *— ► vr x is i/ie l-adic local Langlands correspondence. 
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This is essentially Theorem 34.4 in |BH06] , adapted to the situation of the £-adic local 
Langlands correspondence. In terms of characters with complex coefficients, this means 
replacing the A x of [BH06I with the character x i— > A x (x) |x|^/ 2 , where / is the residual 
degree of E/F. 



5.1. Semilinear Actions. Let x £ M E and let m > 0. Theorem 4.1 gives a subgroup 
K} C GL 2 (P) xB x which acts linearly on a curve X through a quotient Q} in such a way 
that the the cohomology of the fiber product X x^i (GL^-F 1 ) X B x ) realizes the Jacquet- 
Langlands correspondence for supercuspidal representations of the form ir x , where \ is an 
admissible character of E x of essential level m. We make the abbreviation 

IndX = X Xjci (GL 2 (P) x B x ). 

We wish to define a semilinear action of Wp on Ind X in such a way that the cohomology 
of the fiber product realizes the £-adic local Langlands correspondence as well. 



Let M = N x C GL 2 (P) x B x be the group from 3.2 Observe that M normalizes JC . 
We will be interested in actions 

A: N —> Aut X 

which satisfy the requirements 

(i) A is semilinear with respect to the homomorphism J\f — ► Gal(k/k), t \—> Fr^^*^ 
(in the sense of Defn.[LT]). 

(ii) A extends to a well-defined action of K, 1 x J\f which agrees with the action of /C 1 
from Theorem 14.11 

(iii) For j3 G = E x , we have that the action of j x {P) € /C 1 on X agrees with 

Explicitly, the second condition means that the equation 

(6) A(n) _1 /cA(n) = rT l kn 

holds in AutX for all n £ A, k £ K, . Given such an action, we may define an action of 
Wf on Ind X as follows. A point of Ind X may be represented by a pair (P, t), where P £ X 
and t £ GL 2 (F) x B x . Let w £ W E/F , and let w £ N be a lift of j x ,w(w) £ j x {E x )\N. 
Then we define, for w £ Wf'- 

(P,t) w = (P A ^\w-H). 

Then the condition (iii) above shows that this definition does not depend on the choice of 
lift w, and the condition in Eq. [6] means exactly that this action preserves the equivalence 
relation (P k ,t) ~ (P, kt) for k £ JC 1 . We arrive at a well-defined semilinear action 

(7) GL 2 (P) x B x x W F -» Aut Ind X. 

This action induces an action of the same triple product group on Ind^ 2(F)xBX iP^Q^)- 
Call an action J\f — > AutX compatible with the action of K, 1 if it satisfies (i)-(iii) above. 
Recall that each admissible character x of F x of essential level m determines repre- 
sentations A x and A x / of GL 2 (P) and B x respectively for which tt x = Indj L2 ^' ) A x and 
ir' x = Ind j' A' x . The tensor product representation A x A' x is an extension to J a x Jb of 
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an irreducible representation of K, 1 of the form r^, where a £ E x is a minimal element of 
valuation —m. We have that 

Honncx (A x ®A , ^\ lcl ,H 1 (X,Q e )) = Horn^x (r a , H X {X, Q e )) 

is one- dimensional. 

Now suppose A is an action of M on X which is compatible with the action of JC 1 . Then 
there is a well-defined action of E x on Hom^i (A x tg) A^l^i, H l {X, Q^)) defined as follows. 
If A is a A^-equi variant map from A x ® A' x into i/ 1 (X, Q^), and /3 G A/", then define A^ 3 
to be the map v i— > A(/3)A(j(/3, l) -1 t> ). The linear map A' 3 so defined is /C 1 -equivariant 
precisely because A is compatible with the action of K . 

Theorem 5.2. There exists a semilinear action A = /S. xm : Wf — ► Aut X compatible 
with the action of K} with the following property: For every admissible character x of E x 
of essential level m, the group E x acts on Hom^i (A x (g) A^|^i, H l {X, Q^)) through the 
character ;\A X . 



The remainder of the section will be devoted to proving Theorem 5.2 Assume it now, 
and let i7 1 (Ind X, Q^) be given the action of Wf arising from the action A of the Theorem. 
We record the following consequence: 

Corollary 5.3. Let tt be a smooth irreducible representation of GL2(F). We have that 
Hom GL2 (p) (tt, iJ 1 (Ind X, Qg)) equals JL(7r) (g) Ci(fr) when tt = tt x for an admissible char- 
acter x of essential level m, and vanishes otherwise. 



Proof. By Theorem 4.1 the space Hom GL2 ( f ) (n, ff 1 (Ind X, Qi)) equals if tt is not of the 
form tt x for x an admissible character of level m. Therefore suppose tt = tt x for such a 
character. Then again by Theorem |4.1| we have that 

P = Hom GL2(F)xB x (tt <g JL(7r), il 1 (IndX, Q £ )) 

is a 2-dimensional representation of Wf/f- We claim that p = Ce(fr). By Theorem 



5.1 



Ce(7r) = Indg/F yA x . Therefore to prove Cor. 5.3 it is enough to show that p\ E x contains 
the character ;\A X . 

We have that it (g JL(fr) = Indj^ j^ xB A x (g A^. By Frobenius reciprocity, 
p = Hom^ ((ind^J*** A x ® A' x ) \^,H\X,Q e 



By Mackey's theorem, p\ E x contains Hom^i ((A x (g A' x ) \^i,H (X, Qe)), which equals the 
character xA x by Theorem 5.2. □ 



5.2. Case of m = 0, E/F unramified. In this case, X is the nonsingular projective curve 
with affine equation XY q - X q Y = 1. Let $ = 3> 2 ) G M be a lift of the nontrivial 
element of G&\{E/F) for which $i G 2l x , 3> 2 G ^P^ 1 - Then the 

group AA is generated by 

j x (E x ), the subgroup {1} x j x ^b(E x ) and the element 

We now describe the required action A: M — > AutX. The automorphism A(<£) will be 
the one lying over Fr g G Gal(A;/fc) which effects (X,Y) i— ► (uA", uK) on coordinates; here 
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u G k is a root of u 9+1 = —1. Now let (5 G i? x ; the automorphism A((l, j x will be 

the one lying over Fr 9 2 " B ^ which is trivial on coordinates. Finally, the action of j x (E x ) 
through A shall be as demanded by condition (3) of the previous paragraph. It is easily 
checked that this defines a well-defined action A : M — > Aut X which is compatible with 
the action of K . 



By Prop. 7.3 A(J x (wf)) acts on Q^) as the scalar —q. Let % be an admissi- 

ble character of E x of essential level 0. Thus if j3 G E x , the action of (1, Ja;,s(/3 _1 )) on 
i^ 1 (X, Q £ ) is through A x (/3). On the other hand, A' x is a character of F x O B for which 
M x {3x,b{I3)) = x(P)- Therefore the action of E x C WW on Hom^i (A x <g> A^| K x , H 1 (X, Q £ )) 
is through the character xA x . This establishes Thm. 5.2 in this case. 



5.3. Case of m > 0, E/F unramified. Here X is the projective curve with affine equation 
X q + X = Y 9+1 . Assume for the moment that m is odd. Let $ G AA be as in the previous 
paragraph, and let (3 £ E x . There is a unique semilinear action A : J\f — > Aut X compatible 
with the action of /C 1 for which A(<£) and A(j Xt A(P), 1) are trivial on coordinates. Let x be 
an admissible character of E x of essential level m. Then A x is a character whose restriction 
to j x ^a{E x ) is simply \- By an argument rather similar to that of the previous paragraph, 
E x C We/f ac ts on Hom^i (A x A^J^i, iT (X, Q^)) through the character xA x . 

The argument for m even is similar, but with the roles of A and B reversed. 

5.4. Case of m = 0, E'/F ramified. Let $ = ($i,$ 2 ) G AA be a lift of the nontrivial 
element of Fr g G Gal(/c/A;) for which <I>i G 2t x , $2 G O^. Then the group M is generated 
by the subgroup j x (E x ), the subgroup j x ,a(E x ) x {1} and the element <£. 

Here X is the projective line. Since -ff^X, Q^) is trivial, it is enough to find an action A 
of M on X which is compatible with the action of fC 1 . For j3 G E x we set A((j Xt A(P), 1) to 
be the automorphism which is trivial on coordinates, whereas A($) will be the inversion 
map Ih 1 / X. 

5.5. Case of m > even, E/F ramified. Once again, X is the projective line. We set 
A(jx,a(/3)) 1) to be trivial on coordinates, while A($) will be the linear map defined by 
X i — > (— l) m / 2 A. Then A is compatible with the action of /C 1 . 

5.6. Case of m > odd, E/F ramified. Here X is the projective curve with affine 
equation X q — X = Y 2 . The group Q 1 is the direct product of the group p^/p^" +1 by a 
group of order 2. Choose a uniformizer tzTg of E; we get an isomorphism p'^/p^ -1-1 — » A; 
by t h-> to^ m (mod pg). Assume an element t = 1 + ro^r G pg-/p^ +1 C Q 1 acts on X 
through (A, Y) ^ (X + r, F). 

We define a semilinear action A of M on X as follows: 



A((j x , A (a),l))(X,Y) = [X,[^)Y),a€0* 



a 

A((j xA (vj E ),l))(X,Y) = (X,eY) 

A($)(A,Y) = (-X,V=1Y) 
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g— 1 m — 1 

Here e = —(—1) 2 2 . 

Now let a G -E 1 * be minimal of valuation — m, and let % G Y a . Let be the character 



of JC 1 as defined in |3.7[ By Prop. 7/2 we have 
Tr( A{U„a{™e)A)) 



E( ra~ x vJ E mod p E \ . , , 
{ a J 

= « £ /F(-l) (m - 1)/2 K E /ir(C)r( KE/Fj V), 

where £ G F satisfies cro^ = £ (mod p E ). We claim this equals A x (w E ). Indeed, 
A x (va E ) = K E/F (C)r^ E/F ^) m q^- m)/2 

= KE/F(()KE/F(-l) (m - 1)/2 T(KE/F, 

because t(k e / e ,iP) 2 = k e/f{— 1)<7- 

Meanwhile, the character A x takes the value x( a ) on an element We find that 

E x C W E /p acts on the space Hom^i (A x (g) A^|^i , H l (3L, Q^)) through the character x^x- 

6. Construction of the stable Lubin-Tate curve 

We now assume that F has odd residual characteristic. Thus there are three distinct 
quadratic extensions of F. Call these Eq, E\ and E2, with Eq/F unramified. We turn to 
the task of gluing together the curves X X:iri for x G M CM and m > to form a stable curve 
which has the desired properties of Thm. |1.2| 



6.1. Base Points. We identify certain special points of £ x ,mi which will later be used as 
sites of gluing. 

Proposition 6.1. There exists a point P G X x ,m(k) with the following properties. 

(i) The stabilizer of P in K, xm is exactly KL X m+1 . 

(ii) There are no nontrivial K, x m -equivariant linear automorphisms of the pair (3C x>m , P) . 

Furthermore, if Q G X x>m (k) is another point satisfying (i) and (ii) then there exists a 
K, x m -equivariant automorphism of X XjTn carrying P onto Q. 

Proof. In the case where E/F is unramified and m = 0, X xm is the curve XY q — X q Y = 
1. Assume that 2l x = M 2 (0f). We have the embeddings j x> A,- O e — > M 2 (O e ) and 
jx,B- O e — ► Ob- Reducing modulo p E gives embeddings k E <—* M 2 {k) and k E > ks- 
Composing one map with the inverse of the other gives an embedding k: k E M 2 {k). 
Let P = (u,v) G A 2 (fc) be a point which satisfies (3P = k(/3)P for all (3 G kg. Let 7 G k* 
satisfy /3 q+1 = uv q — u q v. Then P = ( r y~ 1 u,j~ 1 v) G X x fl(k); then the stabilizer of this 
point in JC~ is /C* 1; establishing (i). For (ii), the only automorphisms of X x ^ commuting 
with K.\q are of the form (X,Y) 1— ► (£.X", £Y) with = 1, and no such nontrivial 
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automorphism could fix the point P. Finally, all other points Q G 3£ x ,o satisfying (i) and 
(ii) are of the form (P for = 1, and this is indeed the translate of P by a K. x0 - 

equivariant automorphism of X x o- 

In the case where E/F is unramified and to > 0, X x ,m is the curve X + X q = 
The point P = (0, 0) is the only point satisfying the required properties. 

In the case where E/F is ramified and to, = 0, % x ,o is the projective line, with the action 
of Kl as in 4.4 Let P be the point 1 G P 1 (k); the stabilizer in JC x0 of P is fc x 1 . The 
automorphisms of the projective line commute with the action of K, x are only X ^ ±X, 
so property (2) holds. Conversely, the only other point satisfying (i) and (ii) is —1. 

In the case where E /F is ramified and m > is even, 3L x ,m is the projective line, with 

Then P is the point G P (A;); this is the only point satisfying 



4.5 



the action of K x as in 
(i) and (ii). 

Finally, in the case where E/F is ramified and to > is odd, £ x ,m is the curve Y 2 = 
X q — X. Then P = (0,0) satisfies (i) and (ii). So does any point of the form (a,0) with 
a £ k, but then this point is the translate of P by the K. x m -equi variant isomorphism 
(X,Y) ^ (X + a,Y). □ 

For every x € M CM and every m > 0, we now choose a point P X) m £ %x,m(k) satisfying 



the properties of Prop. 6.1 



6.2. Similarity Classes of CM points. The vertices of the dual graph T will be classes 
of CM points under a certain family of equivalence relations ~ m indexed by nonnegative 
integers. These equivalence relations become stronger as m increases. 

Definition 6.2. Suppose x, y G M CM . For m > 0, we write x ~ m y if all of the following 
conditions hold: 

(i) The points x and y lie in the same geometrically connected component of M. 



(ii) If m = 0, then x and y have the same lattice chains (see 3.3). 

(iii) If m > 0, then there exists t *E JC xm with y = x l . 

We gather the following facts: 

(1) If x ~ m y, then x ~ m / y for any m' < to. 

(2) If x ~ m y for all m, then x = y. 

(3) If x ~ m y, then JC X)m = JC y , m . 

(4) The relation ~ m is preserved by the action of G x B x x Wjr. 

(5) If x G M s , let [x] m be its equivalence class under 

^tt^* TIigh tlic stabilizer in 

G x 5 X of f x] m is exactly IC xm . 

(6) If x G M s and y G M B ' have x ~ m y, then E = E' except in the following scenario: 
m = 0, E and £" are the two ramified extensions of F, x and y lie in the same 
connected component of M, and x and y have the same lattice chains. 

The curve £ x ,m does not depend on the choice of x within the similarity class [x] m in 
the following strong sense. 
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Proposition 6.3. Let x ~ m y. Suppose there exists t G K- xm with y = x l . There is a 
unique K x m - equivariant isomorphism <ft: X XjTn — > X y ^ m for which 4>{P xm ) = P y , m - The 
isomorphism 4> does not depend on t. 

Proof. Certainly there exists a K, x m -equivariant isomorphism <fi: X Xjin — » X y ^ m: because 
the equations defining these curves and the actions of the group K} x m on them are iden- 



tical. Then (j)(P x ,rn) t satisfies the properties of Prop. 6.1 and therefore there exists a /C*- 

equivariant automorphism / of X y ^ m earring P y< m onto 4> (^P x ,m^J ■ Renaming as f^ 1 o 0, 

we have a /C,J-equivariant isomorphism (f> : X x m — ► X y ^ m carrying P x m onto P y , m - Again 
by Prop. |6.1[ this isomorphism is unique. □ 



We extend Prop. 6.3 to the case where x G M , y G M Ei , and x ~o y- Choose 



uniformizers zoe 1 and rog; 2 for E\ and E^- Write j y {wE 2 ) = jxi^E^t] then i G /C^ - 



Referring to 4.4 the action of t on X x ,o is an automorphism of the form X i— ► al for some 
a G fc^. Let u G be a root of u 2 = a; then X uX is a /C* -equivariant isomorphism 
from X x fl onto -£ yi o- 

Let S m be the set of similarity classes under ~ m , and let 

S = J J SVn 

m>0 

be the disjoint union of the S m . There is an obvious "level" map 5 — > Z>o sending 5 m 
to m; a CM point x £ E therefore determines a section of this map sending m to the 
similarity class [x] m under 

containing vn. The group GL2(-^ 1 ) x B^* acts on S m the 
obvious manner. The set S will serve as set of vertices in the dual graph in our construction 
of the stable Lubin-Tate curve X. 

If v G S, say v = [x] m for x G M E , then let K} v = fC x m and X v = X Xjm - In light of 



Prop. 6.3 and the paragraph that follows it, v determines the /C^-equivariant curve X v up 
to unique isomorphism. Let X be the disjoint union of the curves X v for v G S. Then X 
admits an action of GL2(-F) X B x in the following manner. Let t G GL2(i ? ) x B x and let 
$>t '■ X Xjrn — > X x t m be the unique isomorphism satisfying <p t o u = (t ut) o (f) t for u G K x m 
and also 0(-Pr,m)* = P x * m - Then (ftt determines an isomorphism X v — > X v t which does not 
depend on the choice of x. 

The curve X also admits a semilinear action of Wf which commutes with the action of 
GL 2 (i ? ). Given w G Wf and v = [x] m G S, let w G M x be a lift of j x ,w{w) G j x (E*)\N x . 



There is the automorphism & xm {w) of X x ,m as i n Theorem 5.2 The element w shall carry 
X v onto via the map <pu> ° A-x,m- 

Proposition 6.4. Let ir be a smooth irreducible representation o/GL2(i ? ). TTien 

Hom GL2(F) (tt,H 1 (X,Qc) 



is isomorphic to JL(7r) <g> Ce(ft) if it is supercuspidal, and is otherwise. 
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Proof. Let R be a set of representatives for the quotient S/ (GL2(-F) X B x ). For each v £ R 
we have that the stabilizer of v in GL^-F) x B x is exactly /C*. Then as GL2(F) x B x x Wp- 
modules we have 



The proposition now follows from Cor. 5.3 once we observe the following: (1) Every super- 
cuspidal representation of GL^-F) appears in Ind^ 2 ^* 5 H 1 (X v ,Q i ) for some v € R, 
and (2) no supercuspidal representation appears in two summands of the above direct sum. 

For (1), we note that the residue characteristic of F is odd, so that every supercuspidal 
representation of GL/2(-F) is of the form ir x for some admissible pair (E/F,x)- For (2), 
suppose v = (x,m) and v' = (x',m') contribute nontrivially to the above direct sum. 
Write x £ E, x' £ E' . If it happens that a supercuspidal representation ir appears in both 
summands, then we must have ir = ir x = tt x i for a admissible pairs (E/F,x), (E'/F, x')- 
But since both extensions are tamely ramified, this can only happen if E = E' and x an d 



x' have the same essential level. By Thm. 3.1 this implies that v and v' lie in the same 



orbit under GL 2 (F) x B x . □ 



6.3. The adjacency relation. We now construct a graph whose vertex set is S. 

If E is one of the quadratic extensions of F, recall that there is a unique formal group 
J~E with endomorphisms by Oe- For a point x £ M E represented by a triple {Tei ^ a ) 5 we 
get a lattice chain A n = o>~ 1 (p e T(J : e)) C F 2 . Up to re-indexing, the lattice chain {A n } 
only depends on the isomorphism class of x. We have [A n : A n+ i] = 

If x,x' £ M are two CM points with respective lattice chains A n ,A^ then it might 
happen that there is a strict containment {A„,} C {A^}. For this to occur, we would need 
x £ M E ° and y £ M Ei for i £ {1,2}. If this is the case we will say that the lattice chains 
for x and y interlace. 

We now define a graph T whose vertex set is S, with the following edges: 

(i) Draw an edge between the vertices [x]o and [y]o whenever x and y lie in the same 
connected component of M and the lattice chains of x and y interlace. 

(ii) For every CM point x £ M, and every m > 0, draw an edge between [x] m+ i and 

Call a vertex v of T unramified if it is of the form [x] m for x £ M E °, and ramified 
otherwise. The graph Tq is naturally isomorphic to the barycentric subdivision of the 
Bruhat-Tits tree T for GL/2(-F). Under this isomorphism, the unramified vertices of Tq 
are in bijection with the vertices of T, while the ramified vertices are in bijection with the 
midpoints of the edges of T in its barycentric subdivision. 

Let E/F be a tame quadratic extension and let v £ So. Let T v C T be the subgraph 
induced by the set of vertices of the form [ wh.6r6 [x]o — v. Tli6n is a tree. 

There are two types of ends of T: those which stabilize in Tq, and those which pass 
through S m for every m. The "level 0" ends are in bijection with P 1 (i ? ) x V(Z), and the 
"unbounded" ends are in bijection with M CM . 
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Figure 1. A connected component of the graph Tq. The case of q = 3 is 
shown. The larger blue vertices represent the projective plane curve XY q — 
X q Y = Z q+1 , while the smaller green vertices represent the projective line. 

6.4. Adjacency Data. To complete the construction of X, we need to give, for each edge 
e of T joining the vertices v, v' £ S, a pair of points P e ^ v £ X v and P e y £ % v > which will 
be identified with each other in X. Since the curve X is expected to have an action of 
GL^-F) x B x , this assignment must be consistent: for every t £ GL/2(-F) x B x , we must 
have P\ v = P e t iV t and similarly for v' . 

We begin with the case when the edge e joins vertices v,v' £ S both of level 0. Without 
loss of generality we may assume that x £ M E ° and x' £ M El are such that v = [x]o and 
v 1 = [x'}\. Then, via the choices of x and x' , the curves X v and X v i may be identified with 
the curves X X) q and X x ifi. These are the curves x q y — xy q = 1 and the projective line, 
respectively. Note that the points of X v at infinity are in correspondence with P 1 (/c). 

Since v and v' are adjacent, their respective lattice chains A n and A^ interlace: {A n } C 
{A^} is "every other lattice". Let I C 2l£ be the Iwahori subgroup which stabilizes the 
lattice chain {A^}. Then / fixes a unique point at infinity in X v ; call this P e , v - If {An} 
equals {A' 2n }, let P ev t be the point oo £ X x / q = P 1 . If {A n } = {A' 2n+1 }, let P e ^ v > be the 
point £ X x > q. 

Now suppose m > and v £ S m and v' £ S m+ i are adjacent. This means there exists 
x £ M CM such that u = [x] m and u' = [x] m+ i. We let P e ^ v be the base point P X)Tn £ X v 
and P e ^' be the point at infinity in X v i. 

6.5. Conclusion of Proof of Main Theorem. Let X be the curve obtained by applying 
the gluing the points P etV ,P e y £ X(k) for each edge e of T which joins the points v,v'. 

Proposition 6.5. X is a stable curve. 

Proof. Since X was obtained from the nonsingular curve X by gluing points, we must 
check that no three components of X meet at a single point. Suppose that x ~ m y £ 

M CM 
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FIGURE 2. The graph for an unramified vertex v. The case q = 2 is 
shown. The central blue vertex is v itself. The vertices adjacent to v are a 
torsor for the action of SL^Fq). The cyan vertices represent the projective 
plane curve XY q + X q Y = Z q+1 . The vertices of higher level adjacent to a 
particular cyan vertex are a torsor for the action of a nonabelian group of 
order q 3 . In the graph T, a copy of the above graph is glued to the graph 
Tq in Fig. [T] along each of the blue vertices. 

v = [x] m , w = [x] m+ i, and w' = [y] m+ i, and that the components X v , X w and X w i intersect 
at a common point. This implies that P x , m = Py,m £ %v Suppose there exists t £ K} x m 
be such that y = x l , so that P* m = P y , m = Px,m- But then t lies in the stabilizer of P x , m , 
which is K\ m+1 . Thus x ~ m +i y and w = w' . 

If y is not a translate of x by an element of X, then m = and x and y are have CM 
by distinct ramified extensions of F. Let t £ K,\ be as in the remark following the proof 
of Prop. 6.3, so that P* m = P y , m in X v . The proof now continues as in the previous 



paragrap 



Proposition 6.6. Then 

Hom GL2(f) (tt, H 1 (X, Q e )) 
is isomorphic to JL(7r) ® Ci{tt) if h is supercuspidal, and is otherwise. 

Proof. Generally speaking, if X is a stable curve with dual graph T, and X is the normal- 
ization of X, then there is an exact sequence of commutative group schemes 

(8) 1 ^PT 1 (r,Z)®G m JacX^ JacX^ 1 
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Figure 3. The graph T v for a ramified vertex v. The case q = 3 is shown. 
The central green vertex is v itself. The vertices adjacent to v are a torsor for 
the action of F* 2 - The red vertices represent the nonsingular hyperelliptic 

curve with affine equation X q — X = Y 2 ; the vertices of higher level adjacent 
to any particular cyan vertex are a torsor for the action of F q . The black 
vertices represent the projective line; the vertices of higher level adjacent 
to a particular black vertex are a torsor for the action of F q 2 . In the graph 
r, there are two copies of the above graph glued to each cyan vertex in To, 
corresponding to the two distinct unramified extensions E/F. 



Since T is a disjoint union of trees, ff 1 (r, Z) 
Q^). The proof now follows from Prop. 6.4 



0. We conclude that 



□ 



7. Appendix: Some interesting curves 
7.1. On the hyperelliptic curve Y 2 = X q — X. Let Xq be the nonsingular affine curve 



over F q with equation y 



x. 



The projective version of this equation, Y Z q 



X q — XZ q , has a singularity at [0 : 1 : 0]. The singularity is resolved by means of the 
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map of Fg-algebras 

F q [X, Z] ^ F q [U, V] 

z q - 2 -X q + xzi- 1 ~* u 2 - u 2 v q ~ l - V 

X i — y UVb-W 

Z i — ^ IJV^I 2 

Let Xoo be the spectrum of the ring on the right; then Xoo is a nonsingular affine curve. 
Let X be the proper curve obtained by gluing Xo and Xoo along the morphism defined 
above. Let oo be the unique closed point of X\Xo; this is the point (u, v) = (0, 0) on Xoo. 

The curve X admits an action of the additive group F q given by [a](x, y) = (x + a, y) 
on Xq. This group has oo 6 X(F q ) as its unique fixed point. A calculation shows the 
multiplicity of oo as a fixed point for any a £ F* is 3. 

Let £ \ q be prime. By the Lefshetz fixed-point theorem, the trace of a G F* acting on 
H*(X, Q^) is 3. Since the traces of a on H° and H 2 are both 1, the trace of a on H l {X, Q^) 
is —1. The genus of X is (q — l)/2, so that dimH 1 (X, Qe) = q — 1. Therefore we have: 

Proposition 7.1. As a module for F q , we have 

i7 1 (X,Q £ ) = 0V, 

i/ie sum running over nontrivial characters ip : F q — ► . 

Write -ff 1 for H l {X, Q^). If ^ is a nontrivial character of F 9 , write -ff 1 ^] for the 1- 
dimensional ■i/'-eigenspace. Since the action of F 9 on X is defined over F q , the geometric 
Frobenius element Fr G AutX stabilizes each 1 [-0] . 

Proposition 7.2. T/ie eigenvalue of Fr on H 1 ^] is —g^p, where g^ = J2 a eF y (f) 
is the quadratic Gauss sum. 

Proof. Consider the automorphism a o Fr of X which sends (x, y) to (x q + a, y q ). We count 
the fixed points of a o Fr. If (x, y) is an affine fixed point, then x q + a = x and y q = y, so 
that y 2 = x q — x = (x — a) — x = —a and also that y £ F q . Naturally, there are always 
q solutions to x q + a = x. It follows that there are 2q affine fixed points if —a is a square 
in F*, q affine fixed points if a = 0, and none if —a is a nonsquare. In other words, the 

number of affine fixed points is q ^1 + The point oo is always a fixed point for 

a o Fr of multiplicity 1 . Therefore 

Tr (a o Fr ji? 1 ) = -q (l + ^ + 1. 

The group algebra Q^fF^] acts on H 1 . For a nontrivial character ip: F q — > Q^, the 
idempotent element 

e v> = - E V'" 1 («)[«] gQ^[f 9 ] 

9 oeF 9 
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projects any Q^[F g ] -module M onto its V'-eigenspace M[^]. The eigenvalue of Fr on H 1 ^] 
is therefore the trace of ew, o Fr on H 1 . This is 



Tr (Fr\H 



Tr (e,/, oFr |iJ x [ 
1 E V>~V)Tr (aoFrlH 1 ) 



- E 1T 1 ' 



a 



q 1 + 



-a 



+ 1 



E 



aeF, 



a 



thus proving the proposition. 

7.2. On the Hermitian curve Y q+l 
plane curve with affine equation Y q+l - 



□ 



= X q + X. Let X be the nonsingular projective 
X q + X. This curve has genus g = q(q — l)/2. 



The curve X is known as the Hermitian curve. It is a maximal curve over F q 2 , meaning 
that 



#X(F„ 



+ 1 = cf + 1 + 2#<? 



is the maximum number of F ? 2-rational points for any nonsingular projective curve of 
genus g. 

Let G Aut X be the geometric Frobenius. By the Lefshetz fixed-point theorem applied 
to the maximality of X is equivalent to: 



Proposition 7.3. $ acts on H l (%, Q^) as f/ie scalar —q. 
Remark 7.4. X is isomorphic over F g 2 to the Deligne-Lusztig curve XY q 



X q Y = 1, so 



Prop. 7.3 applies to that curve as well. 



The automorphism group Autp 2 X is a unitary group in three variables. The Borel 
subgroup of that unitary group is the group Q C PGL3(F g 2) of matrices of the form 

'a 




which satisfy aj q + a q ~/ = j3 q+1 . Let P C Q be the subgroup of matrices with a = 1 and 
(3 = 0, so that P is isomorphic to the group of elements of 7 G F 9 2 with j q + 7 = 0. Then 
P lies in the center of Q. 

Fix a character ip of F g with values in Q^. For each a S F„2, let ip a be the character 
7 1 — ► ip(Tr F 2 /F q a l) °f -f- Then ^ Q is nontrivial if and only if a F ? . For each such a, 

let T a be the ^-isotypic component of the Q-module if 1 (X, Q^). 

Let D C Q be the subgroup of diagonal matrices. The following is a straightforward 
application of the Lefshetz fixed-point theorem together with some representation theory. 
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Proposition 7.5. 

(i) r a is an irreducible Q-module. 

(ii) For every ( £ D\{1}, we have Tr T a (Q = — 1. 

(iii) i? 1 (X, Q^) = ® a T a , where a runs over a set of representatives for F q 2\F q modulo 
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